Abstract. We establish a generalized Ihara zeta function formula for simple graphs with bounded degree. This is a generalization of the formula obtained by G. Chinta, J. Jorgenson and A. Karlsson from vertex-transitive graphs.
Introduction
Let X be a connected graph with bounded degree whose vertex set is countable and ∆ X be the combinatorial Laplacian on X. In this paper, a graph with bounded degree means a graph which has the above properties. The relationship between geometric properties of X and the spectrum of ∆ X has been widely studied. Especially, for a finite regular graph, it is well-known that the distribution of the spectrum of ∆ X is deeply related to the number of closed geodesics (cf. [22] ). The Ihara zeta function for a finite graph is defined by
Here, we denote by N m the number of closed geodesics of length m in X. This function is directly related to the number of closed geodesics. The original Ihara zeta function was first defined by Y. Ihara in [15] as a Selberg-type zeta function in the p-adic setting. It can be interpreted in terms of finite regular graphs and has been generalized by T. Sunada, K. Hashimoto and H. Bass ([1] , [10] , [11] , [12] , [13] , [14] , [16] , [18] , [19] , [20] ). There are various studies for the Ihara zeta function for a finite graph. The most famous and important formula for the Ihara zeta function for a finite graph is the Ihara determinant formula described as
Here, we denote by χ(X) the Euler number of X and by D X the valency operator on X. The above formula for a finite regular graph was originally established by Y. Ihara in the p-adic setting ( [15] ). Various proofs of this formula are well-known (cf. [1] , [16] ). This formula can be interpreted as a formula describing a relationship between the number of closed geodesics and the spectrum of the Laplacian on a finite graph.
Recently, several authors have considered generalizations of the Ihara zeta function and the Ihara determinant formula from finite graphs to infinite graphs (cf. [2] , [3] , [4] , [5] , [7] , [8] , [9] , [17] ). Among them, we follow [2] essentially. In [2] , for a regular graph, the Ihara zeta function is defined. The definition is complicated because we have to introduce another terminology besides closed geodesics (cf. p. 185 in [2] ). However, if a graph X is a vertex-transitive graph, the Ihara zeta function defined in [2] has a natural form. Namely, for a vertex-transitive graph X, the Ihara zeta function of X defined in [2] is
Here, we denote by N m (x 0 ) the number of closed geodesics of length m starting at a given vertex x 0 . We remark that the above zeta function does not depend on the given vertex since X is a vertex-transitive graph. We also remark that if a regular graph X is not a vertex-transitive graph, the zeta function of X defined in [2] does not always coincide with the above. The idea of giving a generalization of the Ihara zeta function from finite graphs to infinite graphs in [2] is to count not all closed geodesics but only count through a fixed starting vertex. The Ihara's formula for the zeta function defined in [2] is proved by giving a new expression of the heat kernel on a regular graph by using modified Bessel functions. The approach through heat kernel analysis is considered to be successful also from the view point of giving an analogy with quotients of rank one symmetric spaces. Therefore, we define the zeta function for a graph with bounded degree following [2] .
The aim of this paper is to continue the study about the relationship between the number of closed geodesics and the spectrum of the Laplacian on a graph. From this standpoint, for a graph X with bounded degree and a vertex x 0 ∈ VX, we define the Ihara zeta function as follows in this paper.
We remark that the above zeta function depends on the vertex x 0 . As mentioned in [2] , this generalization of the Ihara zeta function can be considered as corresponding to the Hurwitz zeta function which is generalized from the Riemann zeta function. Moreover, as we mentioned above, the Ihara zeta function for a graph X with bounded degree is equal to the Ihara zeta function defined in [2] if X is a vertextransitive graph. However, our zeta function does not always coincide with the zeta function defined in [2] for a regular graph which is not a vertex-transitive graph.
In this paper, we establish a generalized Ihara zeta function formula for connected simple graphs with bounded degree by using an algebraic method. Here, a simple graph means a graph which have no loops and multiple edges. This is a generalization of the formula for vertex-transitive graphs obtained by G. Chinta, J. Jorgenson and A. Kerlsson in [2] . We remark that we establish the formula for connected simple graphs with bounded degree whereas G. Chinta, J. Jorgenson and A. Karlsson establish the formula for connected vertex-transitive graphs which are not always simple graphs ( [2] ). Moreover, our proof also gives an alternative proof of the formula obtained by G. Chinta, J. Jorgenson and A. Karlsson for simple vertex-transitive graphs. For finite simple regular graphs, we also derive a generalized Ihara zeta function formula which is regarded as a local version of the original Ihara determinant formula.
Preliminaries

Graphs and Paths.
In this section, we give terminology of graphs and paths used throughout in this paper (cf. [18] , [21] ). A graph X is an ordered pair (VX, EX) of disjoint sets VX and EX with two maps, EX → VX × VX, e → (o(e), t(e)), EX → EX, e →ē such that for each e ∈ EX,ē = e,ē = e, o(e) = t(ē). For a graph X = (VX, EX), two sets VX and EX are called vertex set and edge set respectively. For a vertex x ∈ VX, the degree of x is the cardinality of the set E x , where E x = {e ∈ EX|o(e) = x}. We denote the degree of x by deg(x). A graph X is countable if the vertex set is countable. A graph X has bounded degree if the supremum of the set of all degrees is not infinite. All graphs which are considered in this paper will be connected, countable and have bounded degree without degree one vertices. As we stated in Section 1, a graph with bounded degree means a graph which has the above properties in this paper. For a graph X, a path of length n is a sequence of edges c = (e 1 , . . . , e n ) such that t(e i ) = o(e i+1 ) for each i. We denote o(e 1 ) by o(c), t(e n ) by t(c) and the length of c by ℓ(c). A path c is closed if o(c) = t(c). We regard a vertex as a path of length 0. A path c = (e 1 , . . . , e n ) has a back-tracking if there exist i such that e i+1 =ē i . A path c = (e 1 , . . . , e n ) has a tail if e n =ē 1 . A path c is a geodesic if c has no back-tracking. A closed path c = (e 1 , . . . , e n ) is a geodesic loop if c has no back-tracking. A closed path c = (e 1 , . . . , e n ) is a closed geodesic path if c is a geodesic loop and has no tail.
2.2.
The combinatorial Laplacian on a graph. For the vertex set VX of a graph X, we define the ℓ 2 -space on the vertex set VX by
For a function f ∈ ℓ 2 (VX) and a vertex x ∈ VX, we define the adjacency operator A X on X and the valency operator D X on X as follows respectively.
Then, we define the combinatorial Laplacian D X on X by ∆ X = D X − A X . The Laplacian is a semipositive and self-adjoint bounded operator under our assumption.
a path counting formula
In this section, we give an explicit formula between the number of geodesic loops and the number of closed geodesics. We remark that a graph which is considered in this section is allowed to have multiple edges and loops. This is a generalization of the path counting formula obtained in [2] . We fix a vertex x 0 ∈ VX. For a vertex x ∈ VX and a nonnegative integer m, we denote by c m (x 0 , x) the number of geodesic paths of length m from x 0 to x, by c m (x) = c m (x, x) the number of geodesic loops of length m starting at x and by N m (x 0 ) the number of closed geodesics of length m starting at x 0 . For a vertex x ∈ VX and a nonnegative integer m,
formally by regarding c m and N m as functions on VX. Here, we note that functions c m and N m are not in ℓ 2 (VX) in general. Moreover, we define the following formal power series.
Our goal in this section is to give the following theorem.
Theorem 3.1. The following formula holds:
First of all, we give the following proposition. 
Here, the symbol ⌈·⌉ stands for the ceiling function.
Proof. First of all, we define several symbols. For a non-negative integer m, a vertex x ∈ VX and an edge e ∈ EX such that o(e) = x or t(e) = x, we denote by c m (x, e)(resp. N m (x, e)) the number of geodesic loops (resp. closed geodesics) of length m starting at x through e. Let m be an integer which is greater than 2 and e ∈ EX be an edge such that o(e) = x 0 . The number c m (x 0 , e) − N m (x 0 , e) is equal to the number of geodesic loops of length m starting at x 0 through e, which are not closed geodesics. Therefore, we have c m (x 0 , e) − N m (x 0 , e) = c m−2 (t(e)) − c m−2 (t(e),ē) − c m−2 (t(e), e) + cwt m−2 (t(e),ē).
Here, we denote by cwt m−2 (t(e),ē) the number of geodesic loops of length m − 2 starting at t(e) with tailē. By this, we have
Further, Then, we have
ē). (1)
Putting m = 3 in (1), since cwt 1 (t(e),ē) = 0, we have
By the same argument, we have
In the case m ≥ 5, by (1), we have
Therefore, we have the following recursive formula.
For m ≥ 5 which is an odd integer, we have
Here, we used the above recursive formula in the above equation. By this and (2), we have
For m ≥ 6 which is an even integer, by the same argument, we have
In the rest of this section, we give the proof of Theorem 3.1. We define R m (x 0 ) andR m (x 0 ) as follows.
We define the corresponding formal power series as follows.
By the definition of R m (x 0 ) and R m (x 0 ), we have
Moreover, for vertices x 0 , x ∈ VX, we define b m (x 0 ) as follows.
By the definition of this symbol, we have
By Proposition 3.2, we have
By (3) and (4), we have
Therefore, we get Theorem 3.1.
A generalized Ihara zeta function formula for simple graphs with bounded degree
In this section, we give a generalized Ihara zeta function formula for a simple graph with bounded degree. Let X be a connected simple graph with bounded degree. We denote the supremum of all degrees of X by M. We remark that M is greater than 1 by our assumption. We denote the set of all bounded operators on ℓ 2 (VX) equipped with the usual operator norm · by B(ℓ 2 (VX)). First of all, we introduce several bounded operators on ℓ 2 (VX). For f ∈ ℓ 2 (VX) and m ∈ Z ≥0 , we define C m as follows.
Here, the symbol C x stands for the set of all geodesic paths of length m starting at x. We define Q X by D X − I and B m as follows.
For f ∈ ℓ 2 (VX), we define R m as follows.
Moreover, we define R + m and N X,m as follows.
We remark that the above operators are in B(ℓ 2 (VX)) since X has a bounded degree. For B ∈ B(ℓ 2 (VX)) and for x 0 , x ∈ VX, we define B(x 0 , x) as follows.
Here, the symbol δ x 0 stands for the Kronecker delta. We remark that B(x 0 , x) is in C by the Cauchy-Schwarz inequality since B is in B(ℓ 2 (VX)). Then, we have the following proposition. 
. Then, for m ∈ Z ≥0 , we have
Moreover, for |u| < 1 α
, we have the following equations:
By Proposition 4.1, we have the following proposition.
It is easy to check by Proposition 4.1. Therefore, we omit the proof of Proposition 4.2
Let f be a C 1 -function on B ǫ = {u ∈ C |u| < ǫ} which takes the value to bounded operators on a Hilbert space and satisfies f (0) = 0, f (u) < 1 for any u ∈ B ǫ . Here, · stands for the operator norm on this Hilbert space. Then, for u ∈ B ǫ , we have
Here, the above series converges in operator norm, uniformly on compact subsets of B ǫ . By this, we have
We remark that |u| < 
Proof. By the previous remark, for |u| < 1 α , we have
By straightforward calculation, we have
Therefore, we get
By this equation, we have
Then, we have
By Proposition 4.2 and Proposition 4.3, for |u| < 1 α
, we have
Dividing by u and integrating from u = 0 to u, we have
Therefore, for x 0 , x ∈ VX, we have
We define Z X (u, x 0 , x) as follows.
We remark that Z X (u, x 0 , x 0 ) = Z X (u, x 0 ) by Proposition 3.2. Then, we have the following theorem by (5). , we have
In particular, if X is a (q + 1)-regular graph, we have
Since ∆ X is a self-adjoint bounded operator, there exists a unique spectral measure such that
λdE(λ).
Here, σ(∆ X ) stands for the spectram of ∆ X . For x 0 , x ∈ VX, we denote the measure E(·)δ x 0 , δ x by µ x 0 ,x (·). Then, by the property of the spectral integral, we have the following corollary by Theorem 4.4. Before we consider the case that X is a finite (q + 1)-regular graph, we introduce the notion of the local spectrum ( [6] ). For a vertex x ∈ VX, we denote x-local multiplicity of λ i by m x (λ i ). Here, the x-local multiplicity of λ i is the xx-entry of the primitive idempotent E λ i . Let {µ 0 = λ 0 , µ 1 , . . . , µ dx } be the set of eigenvalues whose local multiplicities are positive. For each vertex x ∈ VX, we denote the x-local spectrum by σ x (X). Here, the x-local spectrum is σ x (X) = {λ We remark that this formula holds for a regular graph which is not always a simple graph by Proposition 3.2 and the formula obtained in p. 188 in [2] . This formula is regarded as a local version of the original Ihara determinant formula since the above equation gives the explicit relationship between the number of closed geodesics starting at x 0 and the x 0 -local spectrum of the Laplacian of X.
